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Overview

m Observe y = (y/,....,y))" in R%. Large d,.
m Manifold learning = discover low-d structure in high-d data space.
m Propose a model p(y, C, x), over observations y, locally linear maps

C = (Cy,...,C,), and manifold coordinates x = (x{,...,x,})".

A 400 datapoints C posterior mean of C

m Goal: p(C,x |y).
Observe y.

m Produce Fig. C, D from
Fig. A.
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Existing Works on Manifold Learning

m Non-probabilistic: PCA, multidimensional scaling (MDS), ISOMAP,
Locally Linear Embedding (LLE), etc.

Easy optimization.

Preserve local neighbourhood geometries.

No uncertainty estimates.
No principled way to choose neighbourhood graph.

m Probabilistic: GP-LVM [Lawrence, 2003].

o Uncertainty estimates available.

o Out-of-sample extension.

o Inference requires auxiliary variables.

e Manifold structure defined by a covariance function (can be unintuitive).

Proposed LL-LVM:

m All advantages above.
m Probabilistic. Graph-based.
m Can choose the right neighbourhood graph.

m Optimization = standard variational Bayes.
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Locally Linear Latent Variable Model (LL-LVM)

high-dimensional space low-dimensional space

>

m Locally linear assumption: y; —y; = C;(x; — x;) where C; € Ry ¥dx
m Model:

likelihood prior on C prior on x
—N—

e N
p(y, C,x|G) = p(y|C,x, G) p(C|G) p(x|G)

where G = neighbourhood graph.

m V,a: model parameters
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Likelihood: p(y|C,x, G)
Penalize the approximation error under the locally linear assumption.
logp(y|C,x,G, V)

n 2 1 n n B
Zyi D) Z Z Mij (AYM - Ciij«i)T v (Ayw' - CiAxw‘) —log Zy
i=1

i=1 j=1

- €
T2

Ay, =yj—yiand Ay, =% —x;

ni; = (G)i; € {0,1}. If points i, j are neighbours, 7;; = 1.
Zy = normalizer

V! = parameter to learn

p(y|C,x,G) = normal distribution in y = (y, ,...,y,

)T
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Prior on x (latent) and C (linear maps)

{x;}: not too large neighbours = similar latent
logp({x1,- .-, %n}|G, ) ——Z lx:l|* —5 ermllxv x;[|? —log Zx
=1 j=1

neighbours = similar maps

1 n n 9
logp({C1,...,Cn}|G) = _§szj||ci_cj||p_logzc
i=1 j=1
i
m o = parameter to learn. C posterior mean of C

m Zy, Zc = normalizers
m p(x|G, ) = normal distribution in
T T\T
Xx=(X;,...,%,) " .

m p(C|G) = matrix normal distribution in
C=(Cy...,C,).
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Variational Inference

m Infer ¢(C,x) ~ p(C,x|y) and learn § = {a, V~1}.
m Maximize evidence lowerbound (ELBO) L(q,0):

log p(y|G, 0) // (C,x)1og XY C XG0 yic .= r(g(C, %), 0).

9(C,x)

m Assume ¢(C,x) = ¢(C)q(x). Use variational Bayes.

1. Variational E:

) x exp { q(C)logp(y, C,x|G,0) dC} (normal distribution)

) X exp {/q Ylog p(y, C,x|G, 0) dx} (matrix normal distribution)

2. Variational M: )
0 = arg max L(q(C,x),0)

3. Repeat 1, 2
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Experiment 1: Detecting a Graph Shortcut

m LL-LVM requires as input a neighbourhood graph G.
m ELBO can be used to evaluate a hypothetical G.

A 400 samples (in 3D) B 2D representation ) C posterior mean of x in 2D space
. G without shortcut G with shortcut
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m LB (lower bound) = ELBO value. 1000
m Fig. C: G with a shortcut = lower ELBO.
m Fig. E: Choose the right & in k-NN graph
construction. 900
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Experiment 2: Modelling USPS Handwritten Digits

m n = 400,d, = 256. Reduce to d, = 2.

A variational lower bound B posterior mean of x (k=n/80)
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m Top-right: Draw from p(y;|C, x, other y's)
m Classify with 1-NN.
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Experiment 3: Modelling Climate Data
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(d) ISOMAP (e) GP-LVM

m y; = 12-d vector of monthly precipitation
m n = 400. Use 12-NN to construct G.

(f) LL-LVM

measurements at ith location.
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Conclusion

New probabilistic approach to manifold learning.

Assumption: locally linear manifold
m LL-LVM:

preserve local geometries

uncertainty estimates

principled way to evaluate a neighbourhood structure (with ELBO)
easy inference

Matlab code available: https://github.com/mijungi/111lvm.
Future work: Learn neighbourhood graph G.
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https://github.com/mijungi/lllvm
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